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Recently, ﬁber composite materials have been attracting attention from industry because of their remarkable material characteristics, including
light weight and high stiffness. However, the costs of products composed of ﬁber materials remain high because of the lack of effective
manufacturing and designing technologies. To improve the relevant design technology, this paper proposes a novel simulation method for
deforming ﬁber materials. Speciﬁcally, given a 3D model with constant thickness and known ﬁber orientation, the proposed method simulates the
deformation of a model made of thick ﬁber-material. The method separates a 3D sheet model into two surfaces and then ﬂattens these surfaces
into two dimensional planes by a parameterization method with involves cross vector ﬁelds. The cross vector ﬁelds are generated by propagating
the given ﬁber orientations speciﬁed at several important points on the 3D model. Integration of the cross vector ﬁelds gives parameterization
with low-stretch and low-distortion.
& 2015 Society of CAD/CAM Engineers. Production and hosting by Elsevier. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Because of their remarkable material characteristics, ﬁber
composite materials have been attracting considerable attention
from industry. We focus on ﬁber composite materials that
consist of long continuous ﬁber in a continuous matrix (Fig. 1).
Compared to alloys, these materials have advantageous proper-
ties such as light weight and high stiffness. However, the
production cost of a ﬁber composite material is generally high
because of the lack of manufacturing and designing technol-
ogies. These technologies must be developed if we are to
reduce the production costs and expand the use of ﬁber
composite materials.
To develop a suitable method for designing ﬁber composite
materials, two points must be considered. (1) Since ﬁbers are
oriented in the matrix, products made of ﬁber materials have
anisotropic mechanical properties. Therefore, designers should/10.1016/j.jcde.2014.12.003
15 Society of CAD/CAM Engineers. Production and hosting by E
mmons.org/licenses/by-nc-nd/4.0/).
g author.take into account the underlying directions of ﬁber in the ﬁnal
product. This is important only when the product is made of
long continuous ﬁbers; many advanced ﬁber materials are
made from such ﬁbers. These products are more difﬁcult to
design than those composed of short discontinuous ﬁbers, so it
is important to develop design methods that can deal with the
direction of the underlying ﬁber. (2) This point concerns the
ability of materials to assume thick and complex shapes.
Generally to prepare a thick ﬁber material product, several
planar woven ﬁber laminates are accumulated or 3D woven
ﬁber materials are used, as shown in Fig. 1 (left). Woven
materials have advantages in terms of manufacturing costs and
the stiffness; however it is difﬁcult to precisely produce
complex shapes by bending thick 3D woven materials. There-
fore a design method must be developed that can deal with
large deformations of thick ﬁber material.
In this paper, we focus on the actual production process and
propose a design method that can deal with ﬁber directions and
deformations of thick ﬁber material. Long continuous ﬁbers arelsevier. This is an open access article under the CC BY-NC-ND license
Fig. 1. Examples of a 3D woven ﬁber material (left) and a ﬁber material product having a complex shape (right). Both images taken from [1].
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involves deformation of thick 3D woven ﬁber material. The current
process, illustrated in Fig. 2, is the following: ﬁrst, design tools are
used to develop a 3D shape model of the ﬁnal product. Then,
based on the design model, a ﬂat shape is estimated for the ﬁber
material. Finally, the ﬂat ﬁber material, corresponding to the
ﬂattened model, is bent to obtain the real product. In this process,
considerable differences between the 3D shape model and the real
product often occurs because of the difﬁculty in estimating the
shape estimation of a thick material.
In addition, it is very difﬁcult to estimate the underlying
ﬁber directions in the ﬁnal product, and at present, only rough
estimates based on experience are available. Therefore, to
improve the design process, we propose a method by which
can estimate material shape deformations based on the
designed ﬁber direction.
In this study, we deal with the deformation estimation
problem for ﬁber materials, but we do not directly address this
problem. Instead, we restrict the shape of an object and
generate a rough model for the deformation. Speciﬁcally, we
assume that designed 3D models are sheets with constant
thickness and that the materials before deformation are planar
sheets. We separate the designed model into two curved
surface layers, neglecting the intermediate part, and transform
the 3D curved surfaces into a planar coordinate system that
preserves the correspondence between the surfaces (Fig. 3).
This development can be interpreted as a mapping from one
local coordinate system to another, and therefore a parameter-
ization method can be applied to this problem.
In the computer graphics ﬁeld, such parameterizations have
been studied for many years and a number of methods have
been proposed. Representative surface parameterization meth-
ods include least-squares conformal mapping [4], intrinsic
parameterization [5], most isometric parameterization [6] and a
stretch minimization [7]. Least-squares conformal mapping [4]
and the intrinsic parameterization [5] minimize the conformal
energy and the discrete Dirichlet energy, respectively; these
methods are intended to obtain a map that as conformal as
possible. Most isometric parameterization [6] constructs a
minimization function that is equal to the Dirichlet energy
per parameter-space area and searches the optimal map in
terms of conformality [8]. However, in our method, we deal
with material deformations and so we should account formaterial distortions. The stretch minimizing method [7] is
intended to minimize a metric that is based on the stretch of the
mesh, but we do not adopt such a metric in our optimization
function. This is because our problem needs to consider the
ﬁber directions, and we intend to combine a parameterization
method with the ﬁber direction design.
To deal with ﬁber direction design, we adopt cross vector ﬁeld
parameterization, which is utilized in the cube cover method [9]
and a sophisticated version of the method [10]. These methods
are used to treat the hexahedral meshing problem, although their
problem setting differs from ours. Inspired by the use of a cross
vector ﬁeld in the above-mentioned methods, we generate cross
vector ﬁelds based on the designed ﬁber direction and parameter-
ize the curved surfaces by considering the cross vector ﬁeld. In
addition, our method parameterizes two surfaces simultaneously
so as to avoid large distortions.
2. Algorithm for ﬂattening simulations
2.1. Algorithm overview
The input data for the proposed method are a 3D shape
model represented by a CAD surface and together with given
ﬁber directions speciﬁed at several important points on the 3D
model. We separate the model into two curved surface layers,
neglecting the intermediate part between the surfaces. The
extracted curved surfaces are discretized into triangular meshes
using an existing meshing tool. Let M1 and M2 be the obtained
mesh layers and let pji denote the ith vertex position of mesh
Mj. The cross vectors, which are deﬁned on the edge of mesh
Mj ðpjk ; pjlÞ, are denoted by ajk;l and bjk;l. The mapping between
three-dimensional coordinates (x, y, z) and planar coordinates
(u, v) is u : pji↦uðpjiÞ; v : pji↦vðpjiÞ.
The values u pji
 
; v pji
  
correspond to the planar coordi-
nates of mesh (Mjð3 pjkÞ).
As shown in Fig. 3, the algorithm in our method consists of
the following steps.1. Mesh layer extraction: As described above, the designed
model is separated into two curved surfaces and these
surfaces are discretized into triangular meshes M1 and M2.2. Cross vector ﬁeld generation: The ﬁber directions, which
are speciﬁed by the user, are deﬁned only at important
Fig. 2. Design and manufacturing processes for a product composed of a thick ﬁber material. Green arrows show the current process and orange arrows show the
process in our proposed method.
Fig. 3. Overview of the algorithm.
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over each entire mesh and consequently the cross vector
ﬁelds ajk;l; b
j
k;l
n o
are obtained.3. Making correspondence between the two mesh layers:
Based on the shapes of the 3D model, we make a
correspondence between the two mesh surfaces. This
correspondence is used to constrain the parameterization
in step 4.4. Parameterization using cross vector ﬁeld: The curved
surfaces are mapped into planar surfaces by applying cross
vector parameterization. The parameterization is simulta-
neously applied to both surface meshes.
In the rest of this section, the details of these steps are
described. Section 2.2 describes how the cross vector ﬁeld is
generated from the speciﬁed ﬁber directions (step 2). In
Section 2.3, we show how to make the two mesh layers
correspond and explain the constraint condition for theparameterization (step 3). Then, in Section 2.4, we show cross
vector ﬁeld parameterization (step 4).2.2. Generating cross vector ﬁelds
We assume that the ﬁber directions of the ﬁber material are
mutually orthogonal. We also assume that the designer has
given us a set of pairs of orthogonal vectors that are deﬁned at
several points on the surface mesh layers. Based on these given
directions, we generate cross vector ﬁelds aj; bj
 
. These cross
vectors ﬁelds are orthonormal and deﬁned on each triangle of
the surface meshes. The proposed method is aimed at
generating a parameterization such that the resulting ﬁber
directions of the real product coincide, as much as possible,
with the generated cross vector ﬁelds. More speciﬁcally, our
method searches for the optimal parameterization in such a
way that the gradient of the maps u and v deﬁned as directional
derivatives by a and b, coincide with the directions of the basis
Fig. 4. Correspondence between the basis a, b on a triangle and the basis of the uv coordinate system on the optimal parameterization.
Fig. 5. Example of rigid motion Rj,i and the vectors Rj,i(vj) that is transformed by the rigid motions.
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∇ða;bÞu
∂u
∂a
∂u
∂b
 !
¼ 1
0
 
; ∇ða;bÞv
∂v
∂a
∂v
∂b
 !
¼ 0
1
 
ð1Þ
Fig. 4 shows the meaning of these equations. If these equations
are satisﬁed, the cross vectors are mapped to vectors that are
parallel to the coordinate lines of the uv coordinate system. This
means that the ﬁber directions of the real product are aligned along
the cross vectors when a ﬂat ﬁber material is aligned so that its
ﬁber directions are along the uv coordinate lines.
To generate cross ﬁeld vectors from the ﬁber directions
speciﬁed by a designer, we use an iterative averaging procedure
to propagate the ﬁber directions that are deﬁned at several points
on the meshes. For comparing two vectors on adjacent triangles,
we adopt the method proposed in [2], which establishes the
correspondence between vectors deﬁned at vertices. In our case,
the correspondence between vectors deﬁned on triangles is
established by the same method as in [2].
Let vi, vj be the vectors that are deﬁned on triangles Ti, Tj,
respectively, and let ei,j be the edge shared by the triangles Ti,
Tj (Fig. 5). We calculate the rigid motion Rj,i that rotates
triangle Tj about the edge ei,j so that the plane deﬁned by Tj
coincides with the plane deﬁned by Ti. The signed angle θi,j
from vi to Rj,i(vj) is used as a measure for the difference
between vectors vi, vj. To generate smooth cross vector ﬁelds,
it is necessary to minimize a global energy which can be
derived from the local values θi,j. Fig. 5 shows an example of
the rigid motions {Rj,i} and the rotated vectors {Rj,i(vj)}.
Since this global minimization is generally a nonlinear
optimization problem, we simply iterate a local minimization
of the value θi,j. This minimization problem is solved by
averaging the angles {θi,j}. If triangle Ti is an inner triangle of
a mesh, the number of the adjacent triangles is three. Let Tj,Tk,
Tl be the adjacent triangles of the inner triangle Ti. In this case,
the averaged value θi is calculated by (θi,jþθi,kþθi,l)/3.In each iteration, we update vi to the new vector vi on the
triangle Ti so that the signed angle from vi to vi is θi. When
triangle Ti is a boundary triangle, we compute the average of
{θi,j} from the one or two adjacent triangles and update vi in
the same manner.
We apply this vector averaging procedure and propagate the
ﬁber directions across the whole mesh to obtain a smooth cross
vector ﬁeld. Fig. 6 shows an example of the vector ﬁeld
propagation process.2.3. Correspondence between two mesh layers
Cross vector ﬁeld parameterization alone develops two mesh
layers separately, but the correspondence between the meshes
is not taken into consideration. Therefore we impose constraint
conditions derived from the correspondence on cross vector
ﬁeld parameterization. In the actual deformation of the ﬁber
material, displacement between the surface layers occurs and
local correspondence is not strictly preserved. The amount of
the displacement between the surface layers depends on the
mechanical properties of the material, and the distribution of
the displacement has a direct relationship with the stress
distribution on the surfaces. The stress distribution is deter-
mined by the global shape of the designed model. To
reconstruct the displacement between surface layers, we
introduce a constraint condition that relates the surface layers
allowing the displacement and that contains a parameter that
reﬂects the mechanical properties of the material.
In the following, we explain the problem of establishing
correspondence from mesh M1 to mesh M2. Before establishing
a correspondence between the surface meshes, we apply uncon-
strained cross vector ﬁeld parameterization and ﬂatten the surface
meshes separately to obtain an estimate for the optimal coordinate
value u(pi), v(pi). Let u^ðpiÞ; v^ðpiÞ be that estimated value. After
this, we select a point set Pc ¼ fp2j g M2 that exists within
Fig. 6. Vector propagation process.
Fig. 7. Example of the corresponding points of vertex p1i (left) and the points fp2j g  Pc which have estimated maximum and minimum coordinate values (right).
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determined from mechanical properties of the material and can be
used to control the upper limit of the displacement. For example,
when the allowances on the shear stress and shear modulus of
rigidity are τ and G, respectively, we set the parameter
dc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þðGτÞ2
q
dt, where dt is the thickness of the 3D
shape model.
From the constructed correspondence point set Pc, we
choose the points pu_ max ðp1i ; dcÞ, pu_ min ðp1i ; dcÞ, pv_ max
ðp1i ; dcÞ, pv_ min ðp1i ; dcÞ which have the maximum and mini-
mum values of the estimated coordinates u^ðp2j Þ, v^ðp2j Þ. From
these deﬁnitions, we can write
pu_ maxðp1i ; dcÞ ¼ arg max
p2j APc
v^ðp2j Þ ð2Þ
and so on. Fig. 7(right) shows points that have the maximum
and minimum estimated coordinate values. By using these
chosen points, we derive the constraint conditions that
represent the correspondence between the surface meshes:
u^ pu_ min ðp1i ; dcÞ
 
ru p1i
 
r u^ pu_ max ðp1i ; dcÞ
 
v^ pv_ min ðp1i ; dcÞ
 
rv p1i
 
r v^ pv_ max ðp1i ; dcÞ
  ð3Þ
We derive the above inequalities for each vertex p1i of the
mesh M1 and the derived inequalities are imposed on the cross
vector parameterization as the constraint conditions for the
correspondence from mesh M1 to mesh M2. Constraint
conditions on the correspondence from mesh M2 to mesh
M1 can be derived in the same way.
2.4. Cross vector ﬁeld parameterization
In cross vector ﬁeld parameterization, we search an appro-
priate map such that the resulting ﬁber directions of the realproduct are well aligned to the designed ﬁber directions
without large distortions. From the discussion in Section 2.2,
when (1) is satisﬁed on each triangle of the meshes, we obtain
a map that can realize the ideal resulting ﬁber direction of the
real product. In addition, when (1) is satisﬁed, the Jacobian of
the map J ¼ ∇u;∇v½ T equals to the identity matrix. This
means that the map is isometric and any stretch in the map
vanishes. Therefore, by minimizing the optimization function,
which is derived from (1), we can achieve a map with low-
distortion and the desired ﬁber directions.
Similar to the discussion in Section 2.2, we assume that the ﬁber
directions are orthogonal to each other, and the cross vectors {a, b}
are interpreted as the orthonormal basis of triangles. Let (pk, pl) be
one of the edges on a triangle and let u pk
 
; vðpkÞ
 
and
u pl
 
; vðplÞ
 
be the mapped values of the vertices pk and pl.
The vector pkpl can be decomposed into components of the basis
such as pkpl¼saþ tb. The coefﬁcients of the basis are expressed
by s¼a  (pkpl), t¼b  (pkpl). Based on (1) and Taylor's
theorem, we can derive the following equations:
u pk
 u pl ¼ aU pkpl 
v pk
 v pl ¼ aU pkpl  ð4Þ
Fig. 8 illustrates the concept of cross vector ﬁeld
parameterization.
From (4), we derive an optimization function F for global
cross vector ﬁeld parameterization. In this derivation, Eq. (4)
about each edge of the meshes are summed and cross vectors
on the edges are obtained by averaging the cross vectors of the
triangles to which each edge belongs. We express the cross
vectors that are deﬁned on an edge (pk, pl) as ak,l and bk,l.
Based on these choices and (4), the derived optimization
function is as follows:
F ¼ Fu þ Fv
Fig. 8. The example of the cross vector ﬁeld parameterization (illustrates the concept).
Fig. 9. Models 1 and 2 with constant thickness and the estimated shapes used to test the proposed algorithm.
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X
j ¼ 1;2
X
pjk ;p
j
lð ÞAMj
u pjk
 u pjl ajk;l U pjkpjl n o2
Fv ¼
X
j ¼ 1;2
X
ðpjk ;p
j
lÞAMj
v pjk
 v pjl bjk;l U ðpjkpjlÞn o2 ð5Þ
In these equations, the superscript j is used to distinguish the
two mesh layers.
In the optimization process, the constraint conditions that
are derived from the correspondence between the mesh layers
are imposed on the minimization of the function F. We
represent these constraint conditions, which are the same as
the inequality (3), as follows:
u^ pu_ min ðp1i ; dcÞ
 
ru p1i
 
r u^ pu_ max ðp1i ; dcÞ
 
v^ pv_ min ðp1i ; dcÞ
 
rv p1i
 
r v^ pv_ max ðp1i ; dcÞ
  ð6Þ
To solve this constrained linear least-squares problem, we
apply the interior point method using the mathematical
optimization library MOSEK [3].Fig. 10. Mapped meshes (blue) and the transformed coordinate lines (black
lines on green meshes).3. Results and evaluation
3.1. Results
Fig. 9 shows two test models having constant thicknesses
and the estimated results. The numbers of mesh vertices for
models 1 and 2 were about 2000 and 1100, respectively, and
computing times were 55 and 27 s. The proposed algorithm
was run on a standard laptop equipped with an Intel Core i7-
3520M CPU (2.9 GHz dual-cores) and 12 GB of main
memory. These results show that our method can deal with
the estimation problem for large deformations of ﬁber materi-
als, and the computing time of the method is short enough for
use in actual design projects.
The mapped meshes of models 1 and 2 and the coordinate lines
transformed by the inverse map u1,v1 are shown in Fig. 10. Theshapes of the triangles of the mapped meshes are preserved to be
uniform, and there are no ﬂipped or thin triangles on the mesh. If
the map is conformal, the transformed coordinate lines from
quadrates; otherwise, they form distorted rectangles. From
Fig. 10, it can be seen that in the stressless area of the meshes,
the coordinate lines form the rectangles that are very close to
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lines form quadrilaterals whose sides have different lengths.
3.2. Quantitative evaluation
To evaluate our method quantitatively, we adopt two
measures: the stretch of the surfaces and the displacement
between meshes. The stretch of surfaces is the stretch of the
map on the surface; this value is deﬁned at each vertex pi of
the meshes. Let Axyz be the area of the triangles of the input
mesh, which are incident to vertex pi, and let Auv be the area of
the triangles of the output mesh. We evaluate the stretch of the
surfaces as the value
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Axyz=Auv
p
. When this value equals 1, the
stretch vanishes on vertex pi, and the map is locally optimal inFig. 11. Color maps showing stretch of surfaces and displacement between mesh la
for setting dc = 1.1 × dt, (b) Stretch amount for setting dc = 1.3 × dt and (a) Displac
= 1.3 × dt.
Fig. 12. Color maps showing stretch of surfaces and displacement between mesh layers
dc = 1.2 × dt, (b) Stretch amount for setting dc = 1.3 × dt and (a) Displacement amouterms of surface stretch. If this value is greater than 1, the
mapped mesh (in uv coordinates) shrinks compared to the
original surface mesh; this means that the ﬁber of the material
is extended on the surface of ﬁnal product.
The displacement between meshes is evaluated by the
amount of change in the distance between meshes. When we
evaluate the displacement between the meshes at vertex p1i of
mesh M1, we choose the point p2j on the mesh M2, which has
the same uv coordinate u p1i
 
; v p1i
  
. We calculate the
distance dxyz between the points p1i and p
2
j and compare that
with the distance duv between the mesh layers, which is the
constant value dt. The evaluated value of the displacement
between the meshes is expressed as dxyz/duv. When this
value equals 1, the map is locally optimal in terms of theyers in model 1. Results are for two values of parameter dc, (a) Stretch amount
ement amount for setting dc = 1.1 × dt, (b) Displacement amount for setting dc
in model 2. Results are for two values of parameter dc. (a) Stretch amount for setting
nt for setting dc = 1.2 × dt, (b) Displacement amount for setting dc = 1.3 × dt.
Table 1
Detailed results of stretch and displacement of Models 1 and 2 at selected values of the parameter dc. Column headed σ gives standard deviations.
Parameter Stretch Displacement
dc/dt Max Min Average σ Max Min Average σ
Model 1 1.10 1.34 0.81 1.04 0.12 1.04 0.99 1.01 0.00
Upper layer 1.30 1.16 0.87 1.03 0.04 1.19 0.99 1.04 0.30
Model 1 1.10 2.51 0.89 1.02 0.12 1.04 0.99 1.01 0.00
Lower layer 1.30 1.19 0.96 1.00 0.06 1.20 1.00 1.04 0.04
Model 2 1.20 1.40 0.85 1.05 0.12 1.04 0.99 1.01 0.01
Upper layer 1.30 1.17 0.89 1.02 0.07 1.14 1.00 1.04 0.04
Model 2 1.20 1.39 0.85 1.05 0.13 1.04 1.00 1.01 0.01
Lower layer 1.30 1.17 0.90 1.02 0.07 1.14 1.00 1.04 0.04
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the distance between the surface meshes (in three-dimensional
coordinates) is extended compared with the thickness of the
material; this means that the surfaces of the ﬁnal product are
displaced.
Figs. 11 and 12 and Table 1 show the results of the
quantitative evaluations. In Figs. 11 and 12, the color maps
show the distributions of stretch and displacement on the
surfaces. As the color bars show, blue area indicates evaluated
values smaller than 1, and red indicates evaluated values is
greater than 1. In these ﬁgures, we present comparisons of
results for different values of the parameters dc. The parameter
dc is used in establishing the correspondence between mesh
layers (see Section 2.3) and can be interpreted as the parameter
that controls the allowed displacement between layers. We
choose the values 1.1 dt and 1.3 dt for model 1 and values
1.2 dt and 1.3 dt for model 2 (dt is the thickness of the 3D
models). The images show that, when the value of dc is small,
the displacement between the mesh layers is highly restricted
and greatly stretched areas occur. Conversely, when the
parameter is large, the larger displacements are allowed and
the stretch remains small. Table 1 contains the detailed values
for the stretch and displacement. From these observations, we
conclude that the parameter dc can be used to control the trade-
off between stretch of surfaces and displacement between
surface layers. Our method can represent, to some extent,
mechanical properties of the material in the calculated results.
4. Conclusion and future work
For designing products composed of ﬁber materials, we
have proposed a ﬂattening simulation method that can deal
with ﬁber directions and large deformations of thick sheets. To
perform ﬂattening simulations, we apply cross vector ﬁeld
parameterization to the upper and lower surfaces of a 3D
model and establish a correspondence between these two
surfaces. In parameterization, cross vector ﬁelds are generated
by propagation, and then the ﬁelds are integrated by solving a
constrained optimization.
The results indicate that our method can deal with large
deformation of thick sheet material. The computational time of
our method is sufﬁciently short for use in actual design
projects. In addition, our method can capture the mechanicalproperties of the materials by adjusting the value of the single
parameter dc.
Comparisons between results from our method and real
products have not yet been done. Such comparisons will help
us improve the accuracy of our simulation method. We are
planning to use an X-ray CT scanner for measuring the ﬁber
directions in real products.Acknowledgment
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